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1. (a) lim
x→2

2− x
3−
√
x2 + 5

= lim
x→2

2− x
3−
√
x2 + 5

· 3 +
√
x2 + 5

3 +
√
x2 + 5

= lim
x→2

2− x
4− x2

= lim
x→2

1

2 + x
=

1

4

(b) Let y = π − x, then when x tends to π, y tends to 0. Then

lim
x→π

sinx

π − x
= lim
y→0

sin(π − y)

y
= lim
y→0

sin y

y
= 1

(c) lim
x→0

sin 6x

sin 5x
= lim
x→0

sin 6x

6x
· 5x

sin 5x
· 6

5
= (1)(1)(

6

5
) =

6

5

(d) lim
x→0

1− 2 cosx+ cos 2x

x2
= lim
x→0

2 cosx(cosx− 1)

x2
= lim
x→0

2 cosx(−2 sin2(x2 ))

x2

= lim
x→0
−

cosx sin2(x2 )

(x2 )2
= −1

(e) lim
x→+∞

√
x2 + x− x = lim

x→+∞
(
√
x2 + x− x)

√
x2 + x+ x√
x2 + x+ x

= lim
x→+∞

x√
x2 + x+ x

= lim
x→+∞

1√
1 + 1

x + 1
=

1√
2

(f)

lim
x→+∞

x(
√
x2 + 2x− 2

√
x2 + x+ x)

= lim
x→+∞

x(
√
x2 + 2x− 2

√
x2 + x+ x)

(√
x2 + 2x− 2

√
x2 + x− x√

x2 + 2x− 2
√
x2 + x− x

)

= lim
x→+∞

x
(4x2 + 6x)− 4

√
x4 + 3x3 + 2x2√

x2 + 2x− 2
√
x2 + x− x

= lim
x→+∞

x

(
(4x2 + 6x)− 4

√
x4 + 3x3 + 2x2√

x2 + 2x− 2
√
x2 + x− x

)(
(4x2 + 6x) + 4

√
x4 + 3x3 + 2x2

(4x2 + 6x) + 4
√
x4 + 3x3 + 2x2

)

= lim
x→+∞

x
(4x2 + 6x)2 − (4

√
x4 + 3x3 + 2x2)2(√

x2 + 2x− 2
√
x2 + x− x

)(
(4x2 + 6x) + 4

√
x4 + 3x3 + 2x2

)
= lim

x→+∞

4x3(√
x2 + 2x− 2

√
x2 + x− x

)(
(4x2 + 6x) + 4

√
x4 + 3x3 + 2x2

)
= lim

x→+∞

4(√
1 + 2

x − 2
√

1 + 1
x − 1

)(
4 + 6

x + 4
√

1 + 3
x + 2

x2

)
= −1

4

2. (a) lim
x→0

2x − 2−x

2x + 2−x
=

1− 1

1 + 1
= 0

(b) lim
x→+∞

2x − 2−x

2x + 2−x
= lim
x→+∞

1− 2−2x

1 + 2−2x
= 1

1



(c) lim
x→−∞

2x − 2−x

2x + 2−x
= lim
x→−∞

22x − 1

22x + 1
= −1

3. Evaluate each of the following limits.

(a) lim
x→0

sin 2x

x
= lim
x→0

(
sin 2x

2x

)
(2) = (1)(2) = 2

(b) Note that −1 ≤ sin 2x ≤ 1 for all x ∈ R, so − 1

x
≤ sin 2x

x
≤ 1

x
for all x > 0.

Also, lim
x→+∞

− 1

x
= lim
x→+∞

1

x
= 0, by the sandwich theorem lim

x→+∞

sin 2x

x
.

4. Let f(x) = |x+ 1|+ |x− 1|

(a) Rewrite f(x) as a piecewise defined function by filling the following blanks:

f(x) =



2x if x ≥ 1;

2 if −1 ≤ x < 1;

−2x if x ≤ −1.

(b) lim
x→1+

f(x) = lim
x→1+

2x = 2 and lim
x→1−

f(x) = lim
x→1−

2 = 2.

Therefore, lim
x→1+

f(x) = lim
x→1−

f(x) and lim
x→1

f(x) exists and equals to 2.

5. Let a be a real number and let f : R→ R be a function defined by

f(x) =



e−
1
x if x < 0;

2 if x = 0;

a cosx if x > 0

Since lim
x→0

f(x) exists,

lim
x→0+

f(x) = lim
x→0−

f(x)

lim
x→0+

a cosx = lim
x→0−

e
1
x

a = 1

(Remark: It is nothing related to f(0) = 2.)

6. Let f : R→ R be a function defined by

f(x) =


1 if x =

1

n
for some n ∈ N;

0 otherwise.

(a) Let an =
1

n
and bn =

√
2

n
where n ∈ N.

Then lim
n→∞

an = lim
n→∞

bn = 0.

However, lim
n→∞

f(an) = lim
n→∞

1 = 1 and lim
n→∞

f(bn) = lim
n→∞

0 = 0.

Therefore, lim
n→∞

f(an) 6= lim
n→∞

f(bn) and lim
x→0

f(x) does not exist.
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(b) For
1

4
< x <

1

2
and x 6= 1

3
, f(x) = 0.

Therefore, lim
x→ 1

3

f(x) = 0.
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